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Particle Dynamics:Work and Energy

Kinetic Energy

Energy is the ability to do work, [magine that you throw a particle of mass m right upward with an initial speed v,
You've transferred some energy to the particle, How much is the energy! To answer this question, let's calculate how

much work this energy can do. The particle moves upward until a height h,
2

¥
2
the work done is g 2 2
‘ v my
W=mgh=mg—=—
2g 2

We conclude that @ moving particle with u speed of v possesses an energy of mv"/ 2. This energy is defined as the kinetic

energy T of the particle, 2
my

r=T (1

Principle of Work and Energy

Consider a particle of mass m acted upon by a force F and moving along a path. Applying Eq. 2(2) (page 34), in the
tangential direction, we write

& ° dv dv ds dv
F=ma =m—=m——=mv—
‘ ! dt ds dt ds

ar

Fds = mvdy - (2)

where v is the speed of the particle and s is the accumulative length along the path. Integrating both sides of Eq. (2} for
any duration from t, to t,, where the accumulative lengths are s and s, and the speeds of the particle are v, and v,, we
write mv;  mv}

ST @)

where T and T, are the kinetic energy possessed by the particle at ¢ and t, respectively. The left hand side J F ds is the
worl done U , by the force during ¢, and t,. We may rewrite Eq. (3) in the form

h+U,, =1 4

J‘sttds = _[vlmvdv =

Eq. (4) is called the principle of work and energy.

Worle done by conservative forces (e.g, gravitational force or spring force, by which the work done is
independent of path) can be expressed in terms of potential energy V. Incorporating potential energy into Eq. (4),
we may write the principle of work and energy in a more useful form:

T+V+U,, =T +% ()

This chapter will show how Eq. (5} is satisfied in a particle system.
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Principle of Work and Energy:

Oscillating Block

3.1-1 Introduction

[!] Consider a Block [2] connected to a Ground [3] with a Spring [4], sliding along 2 30" slope. The Block is
initially positioned such that the Spring has an initial elongation of 30 cm [5]. The Dynamic Friction Coefficient
between the Block and the Ground is 0.3 [6].

Using this example, we'll illustrate the principle of work and energy, which states

T0+VO+U0-§::7;+V; (;)
where T, and V, are respectively the initial kinetic energy and potential energy of the system,and T and ¥, are
respectively the kinetic energy and potential energy of the system at time t,and U, is the work done by non-
conservative foree (work done by conservative forces always can be expressed as potential energies). In this case

T,=0andV = (00 N/m)(0.3 m)* / 2 =45 ] (the initial position is taken as the baseline of the gravitational potential
energy); therefore, Eq. (1) can be rewritten as

T+V U,  =45) (2)

In other words, the principle of worlc and energy can be restated as follows: at any time, the sum of kinetic energy
and potential energy, minus the work done by non-conservative forces (in this case, the friction forces), remains a constant. The
statement can be viewed as a form of conservation of energy.

[41 The Spring has a
constant of 100 N/m and a
free length of 0.6 m.

[3]The
Ground.

[2] The Block is a cube
of [0 cm each side and
has a mass of 1.0 kg,

9.8 m/s?

[6] The Dynamic Friction
Coefficient between the
Block and the Ground is 0.3, #

|

g

[5] This is the Block’s initial
position; the Spring is
initially elongated 30 cm.
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3.1-2 Start Up and Create a Part: Block

. [2] Save the Part with
the name Block.

[3] Set up MKS unit system with three
decimal places for Length.

[{] Launch SOLIDWORKS and
click New to create a new Part.

0.100
[4] On the Front
plane, draw a
square like this.
0.100 *Trimedric
L‘ . 1 iMass properties of Block: .
. Configuration; Dafault . [

Coordnate system: - defack - .

Density =“IDO‘O.C.lDG kifugr&ns per cubic meter

PHasy = 1.000 klograms - I .

[6] In the Evaluate
Toolbar, click
Mass Properties
and make sure the
mass of the Block is
1.000 kg. #

Yol =0.001 cubigmeters. - -

[2] Save the Part with
the name Ground.

[3] Set up MKS unit system with three
decimal places for Length.

E[S] Extrude 0.1 m. #j

[17 Click New to create 0.050
a new Part.

[4] On the Front
plane, draw a
sketch like this.

*Trinetric
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3.1-4 Create an Assembly: Oscillating-Block \

<3 =
fI] Click New and
create an Assembly. [5] Save the Assembly with [2] In the Head-Up
the name Oscillating-Block. Toolbar, turn on
View Origins.

[4] Click the assembly’s
Origin. Now the Ground
is fixed in the space,

Select a component to Insert, then .
place itinthe graphics area or bit DK to

Create Layout i

Part/Assembly o tnse
‘ Open dotuments:
i Bioek

Grourd

rimahic

[3] Select

select a part or assembly to nsert ant
then place the componentinthe . |
graphics area, Use'the push pin 1 -w;
Insert multipke coples uf the same o
‘dlfferen& cumpnrrenis. B

[6] Set up MKS unit

system with three decimal PartfAssembs
places for Length. - | Onen doqumens:
‘ Biork

e

[8] Select Block and click
anywhere in the Graphics
Window to temporarily
park the part.

i
Insert
Components

{7] In the Assembly
Toolbar, click Insert
Components,
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[9] In Assembly
Toolbar, click Mate.

[11] And click the frontal face of
. Block. Click OK.

[12] Click the sloping
face of Ground..

[15] And click this vertex of Block. Click
OK. Click OK again to dismiss the
Property Box. Turn off View Origin.

[13] And click the bottom
face of Block. You may
need to rotate the view.

Click OK.

*Trimatiic
[ 14] Click this vertex

@ Owcillating-Block fDelault<Defanlt_Display State-121 of Ground.

[ {_@ History

- {65} Remsare

& [A] Anmotstions
- &3y Fromt

C % Top

[10] Click the frontal.
face of Ground.

%) Right
w1 'y (O Gound<l> Defsuliz<Cetaults_Phot Works Displey Stater) v I
& %, Blocke1» DefusiteeDefenlts_PhotoWorks Display Stans) [Ié_’] VYE I} set up Friction for
2 i) ks Coincident2 in 3.1-8, page 64.
. % Coinzidenl] (Gvonnd ] »,Block<l5)
. )< Coincident? (Grovnd <] »Blockel »)  {D—m=
. Coincident? Grovwd <1, Blockels) O~

L

[17] We'll suppress Coincident3
before running the simulation
(3.1-9[11, page 65).#

3.1-5 Create a Motion Study

[[2] Select Motion Analysis. #}

[Model 130 Views ] Motion Study 1 | : ‘
‘ - . . Mobors Anabysa ¥ |l A i

i S THEHLE
5 ¥ Oseillsting-Block (DsfsviteDefondt_Display Stnte-15)
: @ Orlentition and Camera Yisws
% {4 Lights Cemeras and Seans .
[l] Click Motion Study 1 tab. ) 1{5 {f) Ground <1» Default<<Defantt=_Photo Works Display State»)
. B '{% ) Blockl» (Defaull<<Defandlz_Photo Works Lisplay Sate>)
& [ Maks

T adel.[ 35 Vimaa_| Motion Study &




3.1-6 Set Up Spring

[1] In Motion Toolbar,
click Spring.

[2] Click this face
of Block.

[3] Click this face

of Ground. You
may need to rotate
the view.

*Trimedric

3.1-7 Set Up Gravity

[4] Click OK.#

[2] Click Y.

[4] Type 100 (N/m) for

Spring Constant.

[51 Type 0.6 {m) for
Free Length.

-
[6] Set up Display
like this. These
parameters are for
visual effects oniy and
have no effects on
mechanical behavior.

N

Display

= [eorm O

=N 3

oz O

[1] In Motion Toolbar, click

Gravity.

[3] The direction of
the Gravity,
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3.1-8 Set Up Friction

E@@ Mates
P o Cotnsident] (Grownd <1 Blockel»)
N o1 t2 (Ground <y Hlochkal»)
& Coincident? (Growd <1 x,Block<1»)

[17 In the Assembly
Tree, right-click
Coincident2 and select
Edit Feature.

& )2 I

]

[2] Click
Analysis tab.

[7] Click QK. Click
OK again to dismiss the

Property Box.

o

| Mossage - :
. Defing mate properfies for use in SclidWorks |
| Motion or SolidWorks Simulation. Mote that
i friction may depand upan the order in which,
| mate entities are selected,

#

[6] SOLIDWORKS

Motion uses a friction

model for Mates that
includes Joint dimensions
effects. To disable the Joint
dimensions effects, simply
input large dimensions. Here,

we type 500 (m) for all the

[4] Click Specify

coefficient.
[5] Type 0.3 for
et #:| Dynamic Friction
eatinesrs : Coefficient.
E @n&ﬂ!‘; coe Higent
i | i
Sippery Sty |
Juirt dinEnocns!
& {?I:.a:zr li
[ [mon O _‘.j]_l
W aan g :_,‘]
:___.———__:' r {5{:@,:]09'\1 O ﬁ

three dimensions. j

P
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3.1-9 Calculate and Animate Results

RO
- & Coimpident! (round.<l #Blacks1»)
,{ Cnmculentﬁ {Gmnnﬂdt >,Blouk<1>)

[I] in the Assembly Tree, under
Mates, right-click Coincident3 and
select Suppress.

Advanced Motivn Auslysis Opuiane

" 3.000001900

0510000000 )

{2] In the Motion
Toolbar, Click Motion
Study Properties.

[3] Type 1000 for
Frames per second.

;‘ [6] Click OK.

[5] Click the lower arrow

| to decrease the Maximum

¢ Integration Step Size
one order. This way,

together with [3], the CSV

i  Fremgs per seconct
. | 100G
LRI AR NIV NES]

" Accuracy:

ERRRRTCrr T S

¥ Anmate durieg smidation

-

Replace redundant mates with
bughings |

SBUERinA Pargmiekrs,.

3D Cortact Resclution:

Lo

I s fraose Comeact

A Haits
0,000 1000060 2
IR A N T TN RN, NUNS SRS N N WO |
Cyrle setlings! {1 cyte=150
F Cyderate ™ e time
=]
1ge 25

“Advanced Opo

1 file will report results every
0.001 seconds.

: General Qpl:ms

-y

[ show &l Motion r\]\u‘:ﬁi it

ne' mnusn smd €5

(_IZ} Click Play from Start. While playing,
highlight LinearSpringl in the Motion

[10] Click Calculate.

Study Tree to display the Spring. #

[4] Click Advanced
Options...

s @y

Oerliating-Block (Defaudl<Dei u‘physme-b)

- (§ Crlentation end Camers Views

{

! & ) Lights, Caumers and Scens

: 12 s O
I-bg Gravily
E % () Grownd <1 » [Defanll<<Dafanliz _Phots Works Display S
e G ¢) Bliscksl» (Defuulta<Detaults_PholoWarks Disglay Ity
- Mates () Redundomeies)

teec 17 5
.‘illl\l!lil‘-tl

[9]1 Right-click this Key Point and
select View Orientation>Front.

[I1] Set Playback Speed
to 0.1x and Playback
Mode to Normal.

[8] Drag this Key
Peint to 2 sec.
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3.1-10 Results: Velocity of Block

FEANS-EIC

[17 In Motion Toolbar,
click Results and Plots.

S

1 p .
‘ [Megnzue G~}

DI FecesIn@flerk-d

2] Click the
Block.

[3] Rename the plot as
Speed. Export the file
as Speed.CSV.#

180 200 f

3.1-11 Results: Displacement of Block

[2] Select the front-lower-
teft corner of Block (see
3.1-4{15], page 62).

bl
K
st

|D!s;:4‘ sl NeTaby

[l} In Motion Toolbar, e - :
click Results and Plots. - [Fegmi O~
[ Vermx<isgBedsl (/ [3] Select the front-lower-left

3.1-4[14], page 62).

T Verr<2>@Geaund-1 O‘—’-\L corner of Ground (see

T
H
E 04 4
£
3 T Ty [4] Rename the plot as
Froz Displacement. Export
g the file as
S Displacement.CSV.#
&o | + 4 + t { 4
0.00 LR 4,40 1o 1,28 140 1.50 160 pil g

Tims isac)
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3.1-12 Results: Period of the Oscillation

67

[1] The angular frequency of an undamped free vibration can be calculated

a)=\jE: MﬂO rad/s
m | kg

In terms of Hertz {cycle/s}, the frthency is

@ 10 rad/s
= — =-———=|.59155 cyclefs (Hz
f 2w 27 rad cyelels (Hz)
The peried is then .
I i
=—=—— = 0.62832 s/cycie !
P f 1.592 cyclefs e M

The period in our case [2-4] is close to the value calculated in Eq. (1), although our case Is a damped free

vibration case (due to the friction).
L—

o5 : — 27 0101924
: ’ 0828 0101611 ‘
M 0.620 0101913 1% 0m3m]
H ; 1257 0203724
Eo34 1258 0203726
% .
_—%D‘Z~
il
50.1 E
a5 CJF— } } } + ¥ ; ; :
o.on i1 H40 0.5 [X:i 108 126 14D 180 180 200
H T {sa) :

j Period = 0.628 s Period = 0.629 s
] ‘ -

|

[2] O sec. [3] At 0.628 sec, the [4] At 1.257 sec, the
displacement. reaches 2 local displacement reaches a local
minimum, minimum again. #

R
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3.1-13 Conservation of Energy

{31 0.157 sec.

[5] 0.471 sec.

[7]1 0.785 sec,

[9] 1.099 sec.

[10] 1.257 sec.

[11] 1412 sec.

[12] 1.574 sec.

u.aﬂ

18¢ 2.0

Y
!

{2] © sec. [41 0.314 sec.

r]

[6] 0.628 sec. w

'[8] 0.943 sec.

[13] The speed is copied
from Speed.CSV,

[1] Here, we illustrate Eq.
3.1-1{2) {page 59) at seme
selected time points [2-12],
when the speed of the
Block either reaches a
maximum or approaches
zero. These time points are
obtained by locking up
Speed.CSV. The results
[13-20] show that the total
energy (including the
dissipated energy due to
friction) is conserved at
these time points. In fact, the
total energy is conserved at
any time, not just these
selected time points. We
select these peints simply
because the calculation of
travel distance is easier.

[18]V, = m‘;li)(sin30°) = {1)(9.80655)D(sin30°).

{15] This is the accumulative travel distance.
For example,att = 0.471 s,
0.45096% + '0.276684 - 0.450969| = {.625254.

[19]V. = k(0.3—~D)*/2
= (100)(0.3-D)* /2.

'l

L | oEmsie |
Time ‘| Potential - Potentlal ﬁ:___.:Ehérgy :
S | Energy | E{}eaﬁ” R
0 0 0 0 0 0 4500000 |  4.500
0.157 | 2254733 | 0225364 | 0225364 | -0.574193 | 2.541910 | 1.105035 | 0.278523 | 4.500
0314 | 0.003991 | 0450969 | 0.450969 | -1.148998 | 0.000008 | 2211248 | 1.139585 | 4.500
0.471 [.745399 | 0276684 | 0.625254 | -1.593049 | 1523209 | 1.356672 | 0.027181 | 4500
0.628 | 0.004531 | 001911 | 0.800028 | -2.038344 | 0.000010 | 0.499701 | 1.961968 | 4.500
0785 | 1.235857 | 0225249 | 0923365 | -2.352590 | 0763671 | 1.104467 | 0279388 | 4.500
0943 | 0004576 | 0349091 | 1.047208 | -2.668121 | 0.000010 | 1711708 | 0.120498 | 4.500
1099 | 0726886 | 0276546 | 1.119753 | -2.852955 | 0264182 | 1355996 | 0.027504 | 4.501
1257 | 0.001167 | 0203724 | 1.192576 | -3.038495 | 0.000001 | 0998923 | 0463457 | 4501
1412 | 0217506 | 0225631 | 1214483 | -3.094312 | 0.023654 | 1.106343 | 0276537 | 4501
1574 | 0.000235 | 0247236 | 1236088 | -3.149359 | 0.000000 | 12i2280 | 0.139200 | 450l
/\ \ /A
. o 16U, =(umgcos30)s 17N T=mv?*/2 20] Total ener
{;fg;hgf;;ﬁ';:é:“;fng_é‘g"fd :[ 0.%(1)?&98(%65%@0530"))5. [ =](I)v2/2./ ~—u¥+]vg+ve—ujf.#

PR




3.1-14 Principle of Minimum Potential Energy

{11 The 2nd, 3rd, and 4th columns
of this table are copied from
3.i-13[14, 18, 19}, last page.
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{2] Total potential energy
V=V +V.

V

1] 0 0 4.500000 4.5000
0.157 . 0225364 1.105035 0.278523 1.3836
0314 0.450969 2211248 1.139585 3.3508
0.471 0.276684 1.356672 0.027181 1.3839
0.628 0.101911 0.499701 1.961968 24617
0.785 0.225249 1104467 0.279388 1.3839

- 0.943 0.349091 1711708 0.120498 1.8322
1.099 0.276546 1.355996 0.027504 1.3835
1257 0.203724 0.998923 0.463457 1.4624
1412 0.225631 1.106343 0.276537 1.3829
1.574 0.247236 1.212280 0.139200 1.3515

[6] Any infinitesimal change of displacement
will not change the total potential energy;
therefore doing zero work.

[5] The principle of minimum
potential energy states that, among alf
possible configurations, a structural system
stabilizes at a configuration in which the total
botential energy is at its minimum. The
Principte of virtual worlk is actually
another way of saying the principle of
minimum potential energy: when a structural
system is in a stable configuration (i.e., the total
potential energy is at fts minimum), any
infinitesimal changes of the configuration will not
change the total potential energy; therefore doing
zero work [6].

-
Wrap Up
\[7] Save afl files and exit SOLIDWORKS.#

[3] This is a plot of the Total
Potential Energy versus the

Displacement D.

Total Potential Energy (J)

[4] The system (Block and
Spring) stabilizes at a

displacement where the Total
Potential Energy is at its
minimum.

0 005 0.16 0.15 020 025 030 035 040 045 050

Displacement of Block {m)
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3.1-15 (Do ItYourself) Conservation of Energy: Block and Wedge

\

—

results.

where T and V_ are respectively the initial (¢ =
respectlvefy the kinetic energy and potential energy of the system at time t. The table below demonstrates a posmble

T4V, =T +V

Revisit the Block and Wedge (Section 2.1) and investigate the energy at some arbitrarily selected time points.
Verify the conservation of energy

1

0} kinetic energy and potential energy of the system, arid T andV are

0 0 0 0 0 0
0.1 0.739152 0.178791 -0.015601 -0.917946 -0.000003
0.2 2.956610 0.715165 -0.062403 -3.671777 -0.000003
0.3 6.652371 1.609122 -0.140406 -8.261496 -0.060003
0.4 11.826438 2:86066 i -14.687101 -0.000003-

-0.2496!1




